Let Out(F n ) be the group of outer automorphisms of a finitely generated free group. In [C-V] a contractible space X = X(n) was constructed on which Out(F n ) acts discretely with finite stabilizers. This space may be thought of as analogous to the homogeneous space of an algebraic group, with a discrete action by an arithmetic subgroup, or to the Teichmüller space of a surface with the action of the mapping class group of the surface.
Proposition 2.2. Let G be a finite connected graph, and F (G) the poset of non-empty forests in G. Then the geometric realization of F (G) is homotopy equivalent to a wedge of spheres of dimension v − 2, where v = v(G) is the number of vertices of G. The geometric realization of F (G) is contractible if and only if G has a bridge.
Proof. If is an edge of G, we denote by G − the graph obtained by deleting the interior of the edge , and by G/ the quotient graph obtained by collapsing to a point.
Let e denote the number of edges of G. We will proceed by induction on e + v. If e + v = 1, the theorem is trivial.
If an edge of G is a loop, then F (G) = F (G − ); thus we may assume that G has no loops.
If G has a bridge , then φ ∪ { } is a forest whenever φ is. Then φ → φ ∪ { } → { } are poset maps giving a contraction of the geometric realization of F (G) to a point.
We now assume that G has no bridges. Fix an edge of G. Let F 1 = F (G) − { } be the set of all forests except the forest consisting of the single edge , and let F 0 be the set of all forests which do not contain . Then φ → φ − { } is a poset map from F 1 onto F 0 giving a homotopy equivalence of their geometric realizations. F 0 is naturally isomorphic to F (G − ). Since is not a bridge, G − is connected. By induction, F 0 is homotopy equivalent to a wedge of (v − 2)-spheres. Now F (G) = F 1 ∪ (star( )), and F 1 ∩ (star( )) = link( ), where star and link are defined as for simplicial complexes, i.e. the star is the set of forests φ which contain . The map φ → φ/ is a poset isomorphism from link( ) to F (G/ ). G/ is connected and has no bridges since G is connected and has no bridges. Furthermore, G/ has one less vertex than G since is not a loop. Therefore the geometric realization of F (G/ ) is homotopy equivalent to a wedge of (v − 3)-spheres by induction. It follows by the Van Kampen and Mayer-Vietoris theorems that
Proof. We have already remarked L <(g,G) can be identified with F (G). We now note that the height of (g, G) is the number of edges in a maximal tree in G, which is equal to the number of vertices of G minus 1.
We now consider L >(g,G) . If G is a rose, L >(g,G) is the entire link of (g, G) in L.
In [C-V] , the contractibility of L was shown by reducing the problem to a local problem in the link of a rose. We recall the formalism used to understand the link of a rose. Fix a
. . , n ,¯ n } denote the set of oriented edges of R.
An ideal edge of R is a partition of E(R) into two subsets S andS = E(R) − S which each contain at least two elements.
Two partitions {S,S} and {T,T } of a set are compatible if one of the following inclusions holds:
S ⊆ T, S ⊆T ,S ⊆ T,S ⊆T
A set of k distinct pairwise compatible ideal edges partitions E(R) into k + 1 subsets.
If two partitions are not compatible, they are said to cross.
The motivation for this terminology comes from considering Venn diagrams for ideal edges. Represent the elements of E(R) by 2n points in the plane. Then an ideal edge {S,S} can be represented by a simple closed curve in the plane which separates the edges in S from those inS. If two ideal edges are compatible, simple closed curves representing them can be drawn to be disjoint. If they cross, the simple closed curves must cross.
( Figure 2) The set of sets of distinct, pairwise compatible ideal edges of R is partially ordered by inclusion. The geometric realization of this poset can be identified with the link of ρ as follows. A set of k distinct, pairwise compatible ideal edges can be represented by a set S of simple closed curves in the plane (Figure 3a) . The corresponding graph in link(ρ) has a vertex for each component of the plane minus S and a maximal tree which is dual to these components ( Figure 3b ). The rest of the graph is obtained by adding an edge for each pair { ,¯ } in E(R) (Figure 3c ). We extend the concept of ideal edges to arbitrary graphs G. Let x be a vertex of G, and let E(G, x) denote the set of oriented edges of G which terminate at x. Define an ideal edge of G at the vertex x to be a partition of E(G, x) into two sets, each with at least two
elements. An ideal edge of G is an ideal edge at some vertex of G.
We introduce the convention that ideal edges at distinct vertices of G are compatible.
With this convention, a collection S of distinct, pairwise compatible ideal edges of G corresponds to a graph in L >(g,G) as follows. For each vertex x of G, construct the tree dual to a set of curves representing the ideal edges of S which lie at x (If there are no ideal edges at x in S, this dual tree is a point). Each vertex of each dual tree thus corresponds to a set of oriented edges in G. Now connect the original edges of G to the appropriate vertices of the dual trees to obtain the graph in L > (g,G) .
With these definitions, L >(g,G) is the geometric realization of the poset of sets of ideal edges of G for any vertex (g, G) of L. This poset is the barycentric subdivision of a simplicial complex I(G). It often simplifies notation to work with I(G) instead of the geometric realization of L >(g,G)
. A k-simplex in I(G) is simply a set of k + 1 distinct, pairwise compatible ideal edges. I(G) can be decomposed as the simplicial join
, where I i is the subcomplex spanned by the ideal edges at the ith vertex of
G.
To show that I(G) (and therefore L >(g,G) ) is (h − ht(g, G) − 1)-spherical we will need the following combinatorial theorem.
Let E be a finite set, and let P be the set of partitions of E into two subsets, each with at least two elements. Let Σ(E) be the simplicial complex whose vertices are elements of P , and whose k-simplices consist of sets of k + 1 distinct, pairwise compatible vertices.
Theorem 2.4. If E has m elements, then Σ(E) is homotopy equivalent to a wedge of
To prove this theorem, we make the following observations. Note that the Coning Lemma applies to our complex Σ(E). We are now ready to prove that Σ(E) is spherical. 
Proof of theorem. Denote the elements of

Proof. If k = 0, then Σ(E, C) = Σ(E) which is (m − 4)-spherical by Theorem 2.4. Thus
we may assume that k ≥ 1.
The proof proceeds by induction on m. In order to make the induction work, we need a slightly more complex induction hypothesis than the statement of the theorem. The extra complexity involves putting a filtration D on C 1 :
If = 1, we will say the filtration is trivial. We define Σ(E, C, D) to be the subcomplex of Note that any vertex with inside of the form {e 1 , x}, x = e 0 , is neither compatible with v 0 nor pushable, so is not in Σ 1 . We now adjoin these vertices to Σ 1 to obtain a larger subcomplex Σ 2 of Σ(E, C, D). Let v be any such vertex, and let E be the set obtained from E by identifying the points e 1 and x. We will define a grouping C and filtration D on E which depends on the location of x in E. In each case, one checks that the quotient map
shows by induction that lk(v) ∩ Σ 1 is homotopy equivalent to a wedge of (m − 5)-spheres.
This implies that Σ 2 is homotopy equivalent to a wedge of (m − 4)-spheres.
In this case we take
Case 3. x ∈ C r for some r ≥ 2.
where We adjoin these vertices to Σ 2 in order of increasing cluster size.
Suppose that we have adjoined all vertices with cluster size less than r, as well as possibly some with cluster size equal to r, to Σ 2 to obtain a subcomplex B of Σ (E, C, D) which is homotopy equivalent to a wedge of (m − 4)-spheres. Let J v be the subcomplex of B spanned by vertices w which are compatible with v. We will say w is inside v if either the inside or the outside of w is contained in S. w is outside v if the outside of w is contained inS (Figure 7 ). Since w is compatible with v, it must be either inside or outside v.
Every element of J v which is inside v is compatible with every element of J v which is outside v. This is reflected in the simplicial complex J v by the decomposition Exterior(v) . Let E be the set obtained from E by identifying all of S to a single point. Then We now consider Exterior (v) . Let E be the set obtained from E by identifying S to a single point. Then the quotient map q : Thus
By the coning lemma, B, v is homotopy equivalent to a wedge of (m − 4)-spheres.
After adjoining all vertices v ∈ Σ(E, C, D) − Σ 2 to Σ 2 in this way, we have
point. Therefore, by a theorem of Stallings, Out(F n ) has only one end. This implies that the complexes K and L are connected at infinity. If they are (2n − 5)-connected at infinity, it can be shown that Out(F n ) is a virtual duality group, i.e. there is a module I and an
To try to understand the behavior of K and L at infinity, we define a norm on roses ρ = (r, R) as follows. Let W be any set of cyclic words in F n . Represent each word in w ∈ W by a path ω in R 0 , and define the length of w to be the edge-path length of the shortest path in R representing r(ω). The norm of ρ is then the sum of the lengths of the elements of W . Define the ball of radius m to be the union of the stars of roses of norm less than or equal to m. In [C-V] it is shown that the ball of radius m in K deformation retracts onto the ball of radius m−1. If W is chosen appropriately, these balls are compact.
In fact, one can choose W so that the ball of minimal radius is the star of a single rose, and the deformation retraction maps the entire exterior of this ball onto the link of that rose. There is a similar retraction for L, but the retraction is not onto. The theorem in this section shows that the link of a rose in K is homotopy equivalent to a wedge of (2n − 4)-spheres, providing evidence that the space K = K n may be (2n − 5)-connected at infinity.
Remark. The homogeneous space X(n) for Out(F n ) has a decomposition as a union of "fat Teichmüller spaces", i.e. contractible (3n − 4)-dimensional manifolds on which the mapping class groups of surfaces with fundamental group F n act. The methods of this paper can be easily extended to show that the corresponding subcomplexes of K and L are Cohen-Macauley.
